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In the present paper the Ising model with competing binary (J) and binary ( Ji) interactions 
with spin values ±1, on a Cayley tree of order 2 is considered. The structure of Gibbs mea- 
sures for the model considered is studied. We completely describe the set of all periodic Gibbs 
measures for the model with respect to any normal subgroup of finite index of a group represen- 
tation of the Cayley tree. Types of von Neumann algebras, generated by GNS-representation 
. . . associated with diagonal states corresponding to the translation invariant Gibbs measures, are 
^ ' determined. It is proved that the factors associated with minimal and maximal Gibbs states 
O ■ are isomorphic, and if they are of type IIIa then the factor associated with the unordered phase 
of the model can be considered as a subfactors of these factors respectively. Some concrete 

O 
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examples of factors are given too. 
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5 ! 1 Introduction 
in 

O ■ The present paper is a continuation of the paper |MRj . In that paper it has been given 
■ motivations to study of the Ising models with competing interactions and we have investigated 
the Ising model with ternary interactions on a Cayley tree. 



Recall that the Cayley tree of order A; > 1 is an infinite tree, i.e., a graph without cycles, 
^ ■ such that each vertex of which lies on + 1 edges. Let = (V,A), where V is the set of 
vertices of F*^, A is the set of edges of F'^. The vertices x and y are called nearest neighbors, 
^ ■ if there exists an edge connecting them, such vertices are denoted hj < x,y >. The distance 
5^ ■ d{x, y),x,y E V, on the Cayley tree, is the length of the shortest path from x to y. 
We set 

Wn = {xe V\d{x, X°) = n}, Vn = Ul^iWm, 

for an arbitrary point x^ E V. 
Denote 

Sjx) = {ye Wn+i ■■ d{x,y) = 1}, xeWn, 
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this set is called a set of direct successors of x. 

Two vertices x,y & V is called one level next-nearest-neighbor vertices if there is a vertex 
z E V such that x,y E S{z), and they are denoted hj > x,y <. In this case the vertices x, z, y 
was called ternary and denoted hj < x, z,y >. 

In this paper we consider the Ising model with competing interactions, where the spin takes 
values in the set $ = { — 1, 1}, on the Cay ley tree which is defined by the following Hamiltonian 

>x,y< <x,y> 

where J, Ji G M are coupling constants and a a configuration on V, i.e. a E Q = 

The other parts of the paper is organized as follows. In section 2 using the similar argument 
as jMR,j we reduce the problem of describing limit Gibbs measures to the problem of solving a 
nonlinear functional equation. By means of the obtained equation we construct periodic Gibbs 
measures and find ground states the model. In section 3, we determine the types of von Neu- 
mann algebras generated by GNS-representation associated with diagonal states corresponding 
to the translation invariant measures. In addition, we will demonstrate more concrete examples 
of factors. In section 4 we discuss the results. 



2 On the set of Gibbs measures 

In this section recall the construction of a special class of limiting Gibbs measures for the Ising 
model on a Cayley tree with competing interactions. 

Let /i : X — M be a real valued function of x G V^. Given n = 1, 2, ... consider the probability 
measure /x*^"-* on defined by 

= Z-'exp{-(3H{an) + J] (2.1) 

Here, /3 = and cr„ : x G V^, — cr„(x) and Z„ is the corresponding partition function: 

Zn = ^ exp{-/?if(cr„) + ^ h^cr{x)}, 

H{(Tn) = -J ^ cr„(x)(T„(?/) - Ji ^ an{x)an{y) (2.2) 

>x,y<:x,y&^n <x,y>:x,y£V„ 

Recall that the consistency condition for n^"'\an),n > 1 is 

^/i(")(a„_i,a("))=/.("-i)(a„_i), (2.3) 

where a*^"') = {cr(x),x G Wn}- 

The following statement describes conditions on guaranteeing the consistency condition 
of measures jji'^'^\an)- In the sequel for the simplicity we will consider the case k = 2. 
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Theorem 2.1. The measures fj.^"'\an), n = 1,2, ... satisfy the consistency condition (2.3) if 
and only if for any x ^ V the following equation holds: 

here 9 = e^^"^, 9i = e^^-^^ and < y,x,z > are ternary neighbors. 

Proof. Using (2.1) it is easy to see that (2.3) and (2.4) are equivalent. (cf. [MR] ). 



This theorem reduces the problem of describing of Gibbs measures to the description of 
solutions of the functional equation (2.4). 

According to Proposition 2.1 |MRj that there exists a one-to-one correspondence between the 
set V of vertices of the Cayley tree of order k > 1 and the group Gk of the free products of 
k + 1 cyclic groups of the second order with generators ai, 02, a^+i. 

Recall that h = {h^ : x G Gk} is Gk-periodic if hy^ = for all x E Gk and y G G^, here 
Gk is a normal subgroup of Gk with finite index. A Gibbs measure is called Gk-periodic if it 
corresponds to G^-periodic function h. If it is G^-periodic, then this measure is translation- 
invariant. 

As before in the sequel we will consider the group G2. 

As in |MR,j we firstly find translation - invariant solutions of (2.4). This case recently has 
been investigated in Ref. |GPWj . For the sake of completeness and since throughout the paper 
we will use this result, we recall it. 

In this setting (2.4) has the form 

_ 9l9u^ + 29iu + 9 

9u^^ 29,u + 9\9 ^ 

where u = e^^. 

29 

Proposition 2.2. j(4PWj ./f gi > ^/?, and 9 > then for all pairs {9, 9i) the equation 

9^ — 3 

(2.5) has three positive solutions u*i < U2 < u%^, here U2 = 1. Otherwise (2.5) has a unique 
solution = 1. 

Remark 2.1. The numbers ul and are the solutions of the following equation 

u^ + (l + a)u + l = 0, (2.6) 

29 

here a = — 9\. Hence, if /5 ^ 00 then — 00 and u\ 0. 

By /ii,/i2,/i3 we denote Gibbs measures corresponding to these solutions. 
Using the same argument as |MRj one can prove the following 

Theorem 2.3. For the model (1.1) with parameters Ji > and J eM. on the Cayley tree 
the following assertions hold 

29 

(i) if 9i > ^/S, 9 > then the measures /ii and /ig are extreme; 
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(ii) in the opposite case there is a Gibbs measure jj,^,{= 1^2) and it is extreme. 

Remark 2.2. This theorem specifies the result obtained in |(TPWj . as there it was proved 
that a phase transition occurs if and only if the above indicated conditions is satisfied, and 
the extremity was open. The formulated theorem answers that the found Gibbs measures are 
extreme. In spite of this, further we will show that a phase transition can be occur when the 
condition of theorem is not satisfied. 

Remark 2.3. The measure 1x2 corresponding to the solution /i^. = 0, x G is the unordered 
phase, i.e. the spin (t(x) takes its values ±1 with respect to ^2 with probability 1/2. 

Now we turn to the constructions of periodic Gibbs measures. Let Hq be a subgroup of index 
r in 6*2, and let G2\Hq = {Hq,Hi, ...,Hr-i} be the quotient group. Let gi{x) = \S*{x)r\Hi\,i = 
0, 1, r — 1; N{x) = \{j : qj{x) 7^ 0}|, where S*{x) is the set of all nearest neighbors of x G G2- 
Denote Q{x) = {qo{x),qi{x), ...,qr-i). We note (see jRj) that for every x E G2 there is a 
permutation tc^ of the coordinates of the vector Q{e) (where e is the identity of G2) such that 

vr..g(e) = Qix). (2.7) 

It follows from (2.7) that N{x) = N{e) for all x G G2. 

It is clear that each Hq— periodic function is given by 

{hx = hi for X E Hi, i = 0,1, ...,r — 1}. 

By G^2^ we denoted in |MR,j the subgroup of G2 consisting of all words with even length. 
This G^2^ has an index 2. 

Theorem 2.4. Let Hq be a subgroup of finite index in G2- Then each Hq— periodic Gibbs 
measure for (1.1) model is either translation-invariant or G^^— periodic. 

Proof. Let f{x,y) be function defined as follows 

9xy + 9i{x + y) + 9(9 

For 6*1 7^ 1 it is easy to see that f{ui,v) = f{u2, v) if and only if ui = U2. Also f{u, Vi) = f{u, f 1) 
if and only if Vi = V2- Using this property of f{u,v), by Theorem 2.1 and (2.7) we have 

hx = hy = hi, ii x,y G S*{z),z G 6*2^ 

hx = hy = h2, if x,y e S*{z),z e G2\G''2^ . 

(2\ 

Thus the measures are translational-invariant (if hi = /12) or periodic (if hi 7^ h2). The 

theorem is proved. 

If Hq is a subgroup of finite index in G2, then it natural to ask: what condition on Hq 
guarantees that each ifo~periodic Gibbs measure to be translation-invariant? We put I{Hq) = 
Hq n {ai, a2, as}, where a,, i = 1,2,3 are generators of G2. 

Theorem 2.5. If I{Hq) ^ 0, then each Hq— periodic Gibbs measure for (1.1) model is 
translation-invariant. 
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Proof. Take x E Hq. We recall that the inclusion xoj e Hq holds if and only if ai E Hq. Since 
/(i?o) 7^ 0, there is an element Oj G i^o- Therefore i^o contains the subset HoUi — {xoj : x e i?o}- 
By Theorem 2.4 wc have /i^. = /ii and /i-ca^ = /i2- Since a: and xoj belong to i?o, it follows that 
hx = hxai = hi = h2. Thus each Hq— periodic Gibbs measure is translation -invariant. This 

proves the theorem. 

Theorems 2.4, 2.5 reduce the problem of describing Hq— periodic Gibbs measures with 
I{Hq) 7^ to describing the fixed points of the function f{u,u) (see (2.8)) which describe the 
translation-invariant Gibbs measures. If I{Hq) = 0, this problem is reduced to the describing 
solutions of the system: 

ejev^ + 2eiv + e 

Vj — 

ev^ + 2eiv + eie' .^qx 



V — 



0u'^ + 20iu + 0f0' 

where u — exp{2hi}, v = exp{2/i2}- 

The analysis of the equation (2.9) is carried in the following 

Proposition 2.6. The equation (2.9) has three positive solutions (1, l),{u^,v^) and {v^,u^) 

201 

~Z0l 
equation: 

0l0{0l0 + 201 + 0){x'^ + 1) + {{0l0f + A0l0 + A0l - 0'^)x = 0. (2.10) 



(here < v^) if and only if 0i < l/VS and > Here u^,v^ are the solutions of the 



Proof. It is clear that (1.1) is a solution of (2.9). The equation (2.9) can be written as 
u — g{g{u)), here g{u) — f{u,u). Hence, the solutions of the equations u — g{u) are the 
solution of (2.9), but they describe only the translation - invariant Gibbs measures. Now we 

should find solutions of ^^^j^^^'P — - — Q. After some calculations it can be shown that the last 

g{u) - u 

equation has the form (2.10). 

Full analysis of the equation (2.10) shows that parameters 0,0i must satisfy the condition 
of the proposition. This completes the proof. 

Thus we can formulate the following 

Theorem 2.7. For the model (1-1) with respect to any subgroup Hq of finite index the 
following assertions hold: 

20 

(i) Let 01 > \/3, > -75 be satisfied, then Hg-periodic Gibbs measures coincide with the 

0( — 3 

translation - invariant Gibbs measures. 

20 

(ii) Let 01 < 1/ y/S, > be satisfied. 

1 — O0i 

(a) If I{Hq) 7^ then HQ-periodic Gibbs measures coincide with the translation - invariant 
Gibbs measures. 
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(b) // I{Hq) = then there are three HQ-periodic (= — periodic) Gibbs measures 
/^i25/^2i o,nd fi^. Here the measure corresponds to the unique solution of equation 
(2.5). 

Proof. Let the condition (i) be satisfied. Then Proposition 2.6 imphes that there is no 
G2 -periodic Gibbs measures in this setting. Therefore, according to Theorem 2.4 we conclude 
that that the i^o-periodic Gibbs measures are translation-invariant. Now let (ii) hold. Then 
the assertions (a) and (b) immediately follow from Proposition 2.6, Theorems 2.4. and 2.5. 
This completes the proof. 

Remark 2.4. In |MR,j we have investigated only G2^^-periodic Gibbs measures, the proved 
Theorem 2.7 completely describes all periodic Gibbs measures, associated with subgroups of 
G2 with finite index, of the model. 

Now comparing Theorems 2.3 and 2.7 we infer the following 

Corollary 2.8. Ifl/V^ < 9i < VS then for the model (1.1) th ere is no phase transition. 

By using the similar argument as in |MR,j we can prove the extremity of /ii2,/U2i. 

16 

Theorem 2.9. Let 9i < l/y/S and 6 > be satisfied. Then the measures /ii2,/i2i and 

are extreme. 

Using the analogical way as in |BGj . [GRj with the aid of measures /ii,/i2 and /is one can 
construct uncountable number of extreme Gibbs measures. 

From the construction of the Gibbs measures we easily see that the measures /ii and /is 
depend on parameter (3. Now we are interested on the behaviour of these measures when (3 
goes to 00. 

Put 

a+ = {(j{x) : a{x) = 1, Vx G F^}, 

a_ = {a{x) : a{x) = -1, Vx G F^}. 
26 

Theorem 2.10. Let 61 > and 9 > , then 

9( — 3 

Hi^6„_, /is ^ '^<7+ as /? ^ 00, 

here 6^ is a delta-measure concentrated on a. 

Proof. Consider the measure /is. This measure corresponds to the function = h^, x & V, 
here > (see Proposition 2.2). Let us first consider a case! 

Us(cr(x) = 1) = —r 7— = ^ 1 as /5 ^ cxD, 

since tig — 00 as /9 — 00, here x & V. Let us turn to the general case. From the condition 
imposed in the Theorem we find that Ji > 0. Now separately consider two cases. 
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First case. Let J > 0. Then from the form of Hamiltonian (1.1) it is easy to check that 
H{an\vn) ^ ^i'^+Wn) for all a E Q and n> 0. It follows that 

eM-PH{a+\vJ + hs\Wn\} 

mcr+\vj = 



E exp{-/3//(a„) + /i3 E ^(^)} 

cr„e0F„ xew„ 

1 

exp{-/3i/(cr„) + /l3 E ^(^)} 



> — TT—: ^1 as /3 ^ oo. 
- 1 + lM 

The last inequahty yields that jis — > 5o-+- 

Second case . Let J < 0. Let us introduce some notations. 

>x,y<:x,yeVn 
<x,y>:x,yeVn 

xeVn 

Then it is easy to see that the following equahty holds 

f^3{cr+\vj = 



1 + V = 

a„e0v„,'^n¥='r+\v„ ^ ^ ^ 



We want to show that 



X] gJ/3(A-A(a„))gJi/3(B-B(a„))g/i3(C-C(a„)) ^ aS /? ^ OO. 



It is enough to prove that 

1 



as /3 — >• oo 



gJ/3(A-A(a„))gJi/3(B-B(CT„))gfe3(C-C(a„)) 

for all an £ 0y„, cr„ 7^ (T+|y„. We rewrite the last sentence as follows 

1 1 



gJ/3(A-A(CT„))gJi^(B-B(CT„))g/i3(C-C(CT„)) ^(A-A(CT„))/25)('B--B{^"))/2^^*yC-C(a„))/2 



< 



(5)2 _ 3^(A-A(a„))/2 
- ^(A-A(ar„)+B-B(a„))/2 (C-C(a„))/2 " 

< f2 111 



here we have used the inequahty 9 > — - 



Obviously, if (3 is large enough we have 



2 _ 3^(A-A(S„)) ^2{A-A(5„)) 

A-A{a„)+B-B{an) ~ QA-A{an)+B-B{an) 



0A-A(an)+B-B(crn) g/ 

■,B{a„)~A{an) 



B-A 



If -B((T„) — A(cr„) < B — A then the last relation implies that 2-A{a )+B-B{a ) bounded, 

and hence from (2.11) we get the required relation. 
Now it remains to prove the following 

Lemma 2.11. For every n > and an G 0y„ the following inequality holds 

B{(Jn) - A{an) <B-A. (2.12) 



Proof. Denote C{an) = {x & Vn : cr{x) = —1}. Maximal connected components of C{an) 
we will denote by /Ci(crn), ■ ■ ■ , /C.m(o"n)- For a connected subset K. of Vn put 

d)C = {x E Vn \ IC : < x,y > for some y G /C}, 
d^JC = {x E Vn \ JC : > x,y < for some y E JC}. 

From definition of A((T„) and -B(cr„) we get 

B{ar,)=B-2j2\dJC,{an)\, 

j 

Aian) =A-2J2 l'9'/C,(a„) \ U^^,/C^(aO|, 
j 

here \A\ stands for a number of elements of a set A. 

To prove (2.12) it enough to show that |(9^/C| < \d}C\ for all connected subsets /C of For 
each X E d^JC we can show a. y = y{x) E dJC. Indeed, if > x, t <, t E IC and < x,z,t > then 
y{x) = X ii z E K, and y{x) = z if 2; ^ /C. It is clear ?/(x) E dIC. Now we will prove that if 
xi ^ X2 E then y{xi) 7^ l/(a;2) G dIC. Let < a;i, 2:1, ti >, < 0:2, Z2, ^2 >, where ti, ^2 G /C. By 
definition of y{x) we have |/(xi) G {xi,Zi},i = 1,2. So to prove ?/(xi) 7^ y(x2) for xi 7^ X2 it is 
enough to show Zi 7^ Z2- Note that in our case (i.e. = 2) if a;i 7^ X2 G d^)C then d{xi, X2) > 3, 
since < Xi, Zi >,i = 1,2 and hence we get zi 7^-22- Thus |9^/C| < \d}C\. So Lemma is proved. 

By similar argument the theorem can be proved for the measure /^i. Thus the theorem is 
proved. 

From Theorem 2.10 we conclude that 0"+ and (7_ are ground states of the considered model. 
Remark 2.6. If in the condition of Theorem 2.10, we put J = then the obtained result 
coincides with Theorem 2.3 of |BRZ2j . 
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Now introduce two configurations as follows 

o-+_ = X E V}, a_+ = x E V}, 

where 

1, if X G , / N [ -1' if 3; e 

-1, if X G G2 \ G^^^ ^"^ ~ I 1, if X G \ G^^^ 

We can formulate the following 

29 

Theorem 2.12. Let Oi < 1/^3 and 6 > ^ then 



a+_(x) 



The proof is similar to the proof of Theorem 2.10. 



3 Diagonal states generated by Gibbs measures and corresponding 
von Neumann algebras 



In this section we consider a case 6i > -\/3, 9 > 



29i 
9f^3 



and determine types of von Neumann al- 



gebras generated by the GNS - representation associated with the diagonal states corresponding 
to the translation invariant measures. 

As the paper |MRj we consider G*-algebra A = (8)rfeM2(C), where M2(C) is the algebra of 
2x2 matrices over the field C of complex numbers. 

By Ui {i = 1,2,3) we denote the diagonal state generated by the translation invariant 
measures /ii, /i2, /^s respectively. On the finite dimensional G*-subalgebra Av„ = (8>y„M2(C) C A 
we rewrite the state Uj as follows 



UJi{x) 



x) 



X E A 



(3.1) 



where tr is a trace on Ay^. The term a{x)a{y), (> x, ?/ <) in (2.2) we represent as a diagonal 
element of M2(C) ® M2(C) ® M2(C) in the standard basis as follows 



a{x)a{y) 





1 




















o\ 







-1 




























1 




























-1 




























-1 




























1 




























-1 





V 


























(3.2) 
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Using (3.2), the form of Hamiltonian (1.1), (2.1) and (3.1) the Hamiltonian Hi{Vn) in the stan- 
dard basis of Av„ has the form 

>x,y<:x,yeVn <x,y>:x,y£V„ x£Wn 

here and below 

F>xy<=(''T V A=(''^P^ / ], B = UAU, U=(' (3.3) 

1 e"^''-^ 

1 e-2Wi / ]^ Q 

= e-wi + r = ^ = FwTTT = 1^ -1 • ' ^^-^^ 

and /ij = logM*/2, where u* is a solution of (2.5). 

Hence the state uji is an Gibbs state for quantized Hamiltonian 

H= -^<x,y,z>+ G^x,y>- 

>x,y< <x,y> 

Denote M.i = 'k^^{A)", where n^^— is a GNS - representation associated with uji (see Ref. 
[BRl, definition 2.3.18]). Note A4i is a factor, since the measures /Xj {i = 1, 2, 3) are translation 
invariant and satisfy mixing property, i.e. 

lim uJi(Tg{x)y) = Ui{x)ui{y), 

\g\^oo 

here Tg is a left shift transformation of 6*2- Our goal in the present section is to determine a 
type of A^j. 

We note that the modular group of Aii associated with Ui is defined by 

at'{x) = Mm exp{itHi{Vn)}xexp{-itHi{Vr,)}, x e Mi. (3.7) 



here as before 



Hil^) = E F^x,y< + E G<x,y> + E hia^. 

>x,y<:x,yeV„ <x,y>:x,yeV„ xeW„ 

The existence of the last limit easily can be checked by using Theorem 6.2.4 jBR2j (see 

EEI). 

Lemma 3.1. Let the following condition be satisfied: there exist integers ki and m^j\ 
j G {1, 2, 3} and the smallest number 6i G (0, 1) such that 

Pi Pn_,„4-> PL^^'^\ eMh.} = t, (3.8) 

P2 P22 PU 
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then for the modular group cr^' and the number to = — 27r/log(5i, the equality holds 



< = Id. 



Proof. From (3.8) we have 



ST' 1 

^1 = T^) — 7' P2 = —j-^ , 

+ 1 + 1 

(0 (0 * (i) {') (i) 

Pll = ^7i^ , P22 



(i) 5 /"^^ (i) 

+1 +1 



(3.9) 



Theorem 3.3. Let 9i > y^, d > — ^— o.nd the condition (3.8) he satisfied. Then von 



Hence from (3. 3), (3. 4) and (3.9) we can get that cr^' = Id. This completes the proof. 

Now using Lemma 3.1, Proposition 5.2 |MRj and the argument of |MR,j we can prove the 
following 

Neumann algebras M.i corresponding to the translation invariant Gibbs states /i, of the Ising 
model with competing interactions (1.1) on the Cayley tree are factors of type Ilh^. 

Since u*i and M3 are the solution of the equation (2.6) then from (3.8) we find that ki = —k^ 
and 61 = 63. This implies that the factors Aii and Ai^ have the same type. It is easy to see 
that /c2 = 0. 

From Theorem 3.3 and the argument of |MRj we have the following 



29 

Corollary 3.4. Let 61 > 9 > and the following condition be satisfied: there 

exist integers rrii, i G {1, 2, 3} and the smallest number 6 G (0, 1) such that 

Pl^^mi^ Pii^^m^^ PL = S'^\ (3.10) 

then a von Neumann algebras M.2 corresponding to the unordered phase of the Ising model with 
competing interactions (1.1) on the Cayley tree F^ is a factor of type Ills. Otherwise M.2 is a 
factor of type IIIi . 

29 

Corollary 3.5. Let 9i > ^/S, 9 > and the following conditions be satisfied: there 

exist integers k and rii, i G {1, 2, 3} and the smallest number 5i G (0, 1) such that 

^ = 5"i, ^ = 6T, — = 5^, (3.11) 

P2 P22 Pll 

and 

exp{/ii} = hi > 0, (3.12) 

then von Neumann algebras Aii and M.^ corresponding to the Gibbs states fii and fi^, respec- 
tively, of the Ising model with competing interactions (1.1) on the Gayley tree F^ are factors of 
type Ilh^. Otherwise they are factors of type IIIi. 
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16 

Remark 3.2. If we consider the case 6^ < l/\/3 and > ^, then there are two 

strictly periodic (non translation invariant) Gibbs measures. By similar arguments as above 
we can prove analogical theorems as Theorem 3.3 for these periodic measures. 

Remark 3.3. Here it would be good to mention that there is an example of factor generated 
by Cayley tree, but it does not appear from a physical system (see [RRj ). 

It is clear that if (3.10) is not satisfied then (3.11) is too, consequently, the algebras Aii 

are factors of type IIIi. Suppose (3.10) is vahd then (3.11) is also satisfied with > 6, more 

exactly, 6i = 6'', where r G (0, 1] fl Q. But it is interesting whether the equality 5i = 5 is 

satisfied. The following theorem answers to this question. 

29 

Theorem 3.6. Let 9i > v^, 9 > — - be satisfied. Suppose the equalities (3.10)-(3.12) 

9^ — 3 

are satisfied. Then the factor Aii and Ai^ have types Illsr, < r < l,r G Q, while the factor 
M.2 has type Ills. 

Proof. The conditions (3.10) and (3.12) imply that there exists a rational number s G Q 
such that 9 = 9{. We note this is a necessary condition that M2 to be a factor of type III5. 
We want to prove that 5i > 6. Let us assume that 61 = 6. Keeping in mind that the numbers 
e^'*^ and e~'^^^ are the solutions of the equation (2.6) from (3.12) we obtain 

2 cosh(2fc log S) = 9l- 29l-' - 1 (3.13) 

here we have used that a = 26'|^* From (3.11) we find that log 5 = — 2niJi/3, substituting 
it into (3.13) we have 

2 cosh(4n Ji/?) = 9l - 20}"^ - 1, (3. 14) 

here without loss of generality we may assume that n > 0, n G Z, since cosh(x) is an even 
function. Defining /(n) = 2 cosh(4nJi/?) from (3.14) it is easy to see that /(I) > 9j — 291^'' — 1, 
since 9i > It is clear that f{n) is an increasing function, so this implies that the equality 
(3.14) can not be satisfied for any positive integer n. This means 61 > 6. Consequently, the 
factors Ail and A^s can not have the same type with the factor Ai2- This completes the proof. 

The proved Theorem means that the factor A^2 can be considered as a subf actor of A^i and 
Ais respectively. 

29i 
91^3 

J = 7 Ji then the factors Aii (i = 1,2,3) have type IIIi. 
Let us consider some more concrete examples of factors. 

29i 

el 

that 6*1 > 3. In this case the equality (3.10) reduces to the following one 



Corollary 3.7. Let 9i > y^, 9 > — be satisfied. If there is an irrational 7 such that 



Example 3.1. Suppose that J = and 9i > ^/3. Then the condition 9 > — ^ implies 



P22 

here as before 6 G (0, 1) and m G Z, which is automatically satisfied with 6 = 9^^ and m = — 1. 
So in this case M.2 is a factor of type III5. But it is interesting question is whether the factors 
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Ail and Ais can have type III^^, while the factor A^2 has type III^. Now we going to show 
that this can be occur. 

Indeed, we firstly note that in the considered case the equation (2.4) can be written as follows 



h = 2arctanh{9ta.nhh) (3.15) 

I, jRWI). 

Now using the formula 



here 9 = tanh(Ji/3) (see, |BR,Zlj ). We recall that the condition > 3 is equivalent to 6* > -. 



, 2tanhx 
tanh(2a;) = - — — — ^ 



from (3.15) we obtain 



it yields that 



tanh hi 



1 + tanh X 

26'tanh/;,i 
1 + {etanhhi)^' 



hi = arctanh ^ — 



(3.16) 

\ e ' 

Let us turn to the conditions (3.11) and (3.12). In our case they can be reduced to the following 
ones 

— = 5", exp{/ii} = (5^, n,ke'L. (3.17) 

Choose the number 9 such that which satisfies the following equation 

^=^ + 5^2 + 7^-5 = 0. (3.18) 

It is not hard to check that the required 9 does exist, i.e. with the property 1/2 < < 1. Put 
5i = \/6 or 6i = 9i . It easy to see that for such bi we have n = —4. From (3.17) we find 

hi = -^JiP^ 

which yields 

k 

hi = ——arctanh9, (3.19) 

here we have used the Ji(3 = arctanh9. 

We will show that this equality is satisfied when k = —1. Indeed, using (3.16) from (3.19) 
we have 

\/29 - 1 ^ f arctanh{9)- 
I 

Now according to the formula 



tanh TT^)- (3-20) 



X 1 — a/i — tanh x 

tanh — = , x > 

2 tanh x 

from (3.20) we get 

^29 - 1 + \/l - ^2 = 1. 
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The last equation equivalent to the following one 

{6 -1)0^ + 56^ + 76 -5) = 0. 

The condition (3.18) yields that the last equality is satisfied, hence (3.20) is valid. Thus the 
factors A^i and Ai^ have type HI^. 

These results clarifies and specifies the results obtained in [M] . |MR,j . 

Example 3.2. Suppose that J = Ji and J 7^ 0, this means 6 = 61. Hence the equality 

(3.10) is satisfied with parameters: 5 = 6~^, mi = —1, 1712 = —1, ms = 0. So according to 

Corollary 3.4 we conclude that is a factor of type III^. Now assume that there is a phase 

29 

transition, i.e. the condition 61 > -\/3, d > is satisfied, which implies in our case (i.e. 

J = Ji) that 9 > V5. Now we are going to find another 5i for which the factors Aii and Ai^, 
have type III^^. 

Put 9 = 1 + \f2 and b\ = It is clear that (3.11) is satisfied. Now we should check (3.12). 
Keeping in mind that the numbers e'^^^ and e'^^^ are the solutions of (2.6) from (3.12) we get 

S'' + S-'' = 9^ -3. (3.21) 

Put k = 1. Let us show this equality is satisfied. The equality (3.21) can be written as follows 

{9 + 1){9^ -29 -1) = 0. 

The chosen 9 satisfies this equation, hence (3.12) is valid. This is the required. 

If J = then the phase transition does not occur and the factor A^2 has type IIi. We note 

29 

in the case 6*1 > and 9 > —5 — - the factor Ai2 can not have a type IIi. 



4 Discussion of the results 

It is known that to exact calculations in statistical mechanics are paid attention by many of 
researchers, because those are important not only for their own interest but also for some 
deeper understanding of the critical properties of spin systems which are not obtained form 
approximations. So, those are very useful for testing the credibility and efficiency of any new 
method or approximation before it is applied to more complicated spin systems. In the previous 



paper |MRj we have exactly solved an Ising model on a Cayley tree, the Hamiltonian of which 
contained ternary interactions. In addition, we found some conditions on parameters which 
enabled to determine exactly types of von Neuamann algebras associated with periodic Gibbs 
states of that model. In the present paper we continue investigations of the Ising model, but 
now we consider a model with the next-nearest-neighbor binary interactions. Using the same 
way as |MRj we exactly solve a phase transition problem for the model, namely, we calculated 



critical curve such that there is a phase transitions above it, and a single Gibbs state is found 
elsewhere. Comparing with the results of |MRj in the present paper we describe all periodic 
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Gibbs states associated with subgroups of G2 with finite index, while in the mentioned paper 
we only found G2 -periodic Gibbs states. Besides, we also find ground states of the considered 
model. Here (in the paper) as in |MRj we also find some conditions of parameters J and Ji 
which completely determine types of von Neumann algebras corresponding to the translation- 
invariant Gibbs states, but now we show how these algebras related with each other, more 
precisely speaking, we prove that the factor corresponding to the unordered phase is a sub- 
factor of the factors associated with the minimum and maximum Gibbs states. We note that 
this kind of question was not considered in |MRj . Finally, we demonstrate some more concrete 
examples of such factors, which clarify the results obtained in [M] . |MRj . 

We note that some computer simulations results of the model considered were studied in 
|MTAj . Some other phase transitions problems were considered in jL]. 
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